Abstract
Introduction
The current economic crisis has provoked an active response from the interdisciplinary scientific community. As a result, many papers suggesting what can be improved in understanding of the complex socio-economics systems were published. Some of the most prominent papers on the topic include Bouchaud, 2008; Bouchaud, 2009; Colander et al, 2009; Farmer and Foley, 2009; Farmer et al, 2012; Helbing, 2010; Kitov, 2009; Pietronero, 2008 . Most of these papers share the idea that agent-based modeling is essential for the better understanding of the complex socio-economic systems and, consequently, better policy making. Yet in order for an agent-based model to be useful, it should also be analytically tractable, namely it should possess a macroscopic treatment (Cristelli et al, 2012) .
In this contribution we shed a new light on our research group's contributions towards understanding of the correspondence between the inter-individual interactions and the collective behavior. We also provide some new insights into the implications of the global and local interactions, the leadership and the predator-prey interactions in the complex socio-economic systems.
Further, in the Section 2 we provide a scientific background for our work. Section 3 is used to present an agent-based herding model, which was proposed by Kirman (1993) and later analytically treated by Alfarano et al. (2005) and Kononovicius et al (2012) . In the Section 4 we compare it with the Bass diffusion model . Section 5 builds upon the previous material discussed in the Sections 3 and 4 to provide insights into the implications of the global and local interactions in the complex socio-economic systems. In the Section 6 we consider another interesting implication of the base model which provides insights into the phenomenon of leadership in the social communities. The comparison with a widely known and used model, LotkaVolterra model, is given in the Section 7. In the Section 8 we discuss the financial market modeling and relax assumptions previously made in Kononovicius et al, 2012 . In the Section 9 conclusions are drawn.
Background
The contemporary ideas proposed by Bouchaud, 2008; Bouchaud, 2009; Colander et al, 2009; Farmer and Foley, 2009; Farmer et al, 2012; Helbing, 2010; Kitov, 2009; Pietronero, 2008 and others are somewhat reminiscent of the ideas proposed by Axelrod (1998) and Waldrop (1992) . In the last decade of the XXth century Waldrop (1992) and Axelrod (1998) have emphasized the importance of understanding the links between the inter-individual and collective behaviors.
In this sense, financial markets prove to be one of the most interesting socioeconomic systems, as there are numerous and rather different examples of both agent-based (Chakraborti et al, 2011; Cristelli et al, 2012; Samanidou et al, 2007) and macroscopic, mainly stochastic, models (Jeanblanc et al, 2009 ). Cristelli et al (2012) note that so far none of financial market models can be considered to be ideal, as some of the proposed models lack realistic microscopic interaction features, while the others tend to lack analytical tractability.
Excellent example of a realistic, yet not analytically tractable model, is so-called stochastic multi-agent model, which was proposed by Lux and Marchesi (1999) . It is considered to be realistic, as it is heavily based on the ideas from the behavioral economics. These ideas are mathematically put down as utility functions, which agents attempt to maximize. Despite this microscopic rationality, the agents are not assumed to be ideally rational -the utility maximization in this model is stochastic. The overly complex mathematical form of the agent-based model, especially due to the use of utility functions, makes the macroscopic treatment of this model appear to be impossible.
Spin model of the financial markets proposed by Bornholdt (2001) is another example of the complex agent-based model. Yet, it is inspired by the model from the statistical physics, which is the well-known Ising model used to model phase transitions and magnetic (Sethna, 2009) . Spin model serves as an excellent example in the context of this contribution, as it directly draws an important analogy between atoms, agents and individuals. This model perfectly illustrates that, if we consider the statistical behavior of the large number of agents, it might not be that important what do agents represent -inanimate particles or rational individuals. All that actually matters is the essential similarities between the systems, e.g. socio-economic systems are prone to herding behavior, while the spins arranged as a lattice in the Ising model attempt to align themselves in one direction. The spin model of the financial markets is also an interesting example as it, despite its complexity, has recently received a macroscopic treatment. The approach by Krause et al (2012) was possible only due to spin model's relationship with the Ising model, consequently, allowing direct usage of the well-developed mean-field methods from the statistical physics.
Minority Game, inspired by the "El Farol bar problem" (Arthur, 1994) , is another agent-based model possessing macroscopic treatment (Challet et al, 2000) . In this game the agents attempt to select the least popular of the available states. In the original formulation of the model agents opt to stay home or to visit a bar. If the majority of agents visits the bar, it is over-crowded and agents have a bad time. On the other hand, if the minority of agents visits the bar, they are able to have a good time. In the financial markets the two options are assumed to be opting to buy or to sell. If the majority of agents opts to sell, the prices and, consequently, the profits drop. On the other hand, if the minority of agents sells their stock, they are able to reap large profits as the prices soar. The formulation of the model is relatively simplistic and thus has a macroscopic treatment (Challet et al, 2000) .
The latest attempt to propose simple, realistic and analytically tractable model was done by Feng et al. (2012) . This attempt is unique, as it uses trader survey data and the empirical observations of the individual interactions to construct an agent-based model. The obtained agent-based model is simple enough to be treated macroscopically. The drawback of this approach is that it operates only on the daily and weekly scales.
Our group contributes to this trend by working on the agent-based herding model proposed by Kirman (1993) . As our group has already proposed a macroscopic model for the trading activity (Gontis, 2008) and the absolute return in the financial markets, we aim to understand the relationship between these models and the agentbased herding model. Interestingly enough, the agent-based herding model relates not only to the models previously proposed by us, but also to the some other well-known macroscopic models . A similar mindset can be found in a series of papers by Alfi et al (2009a; 2009b) . Alfi et al (2009a; 2009b) proposed a set of minimal agent-based models needed to recover the essential statistical features of the financial markets, mainly power-law distribution and certain dynamical self-organization features.
The agent-based herding model and its macroscopic treatment
In his seminal paper Kirman (1993) noticed that very similar behavioral patterns are observed in rather distinct systems. This discovery led him to an agent-based model capturing very general features of the social behavior.
Kirman credits Pasteels et al (1987) as the first ones to observe a very interesting phenomenon -social insects acting asymmetrically in apparently symmetric setup. This group of entomologists observed the ant colony connected to the two identical food sources. Logically, one would expect that the both food sources would be used equally, yet at any given time the majority of ants used only one of the available food sources. From time to time the preferred food source was switched. Interestingly enough, these switches were triggered not by the exogenous forces, but by the system itself.
In a statistical sense, human crowds tend to behave quite similarly. Kirman (1993) cites numerous papers which note that the people tend to choose the more popular product over the less popular one, even if both products are of the similar quality. Apparently, the same ideas can even be applied to understand the dynamics of the financial markets.
Taking these observations into account, Kirman (1993) proposed a simple one-step transition model (see Figure 1 for the schematic representation of the model). In this model the probabilities for each single agent to switch the currently used food source are given by:
The above transition probabilities are defined per agent and per unit of time. Yet, they can be used to obtain system-wide transition probabilities for very short time periods, t ∆ . In such case only one transition per single time period is probable (Alfarano et al, 2005) : In this scheme the food sources are assumed to be identical, yet in a more general setup two distinct individual preference terms, 1 σ and 2 σ , should be included.
In order to obtain a macroscopic treatment for this agent-based herding model, let us assume that the number of agents is large enough, nearly infinite, to secure the continuity of the system state defined as
. For x we can define a continuous one-step transition probabilities per unit of time, ± π , which relate to the discrete onestep transition probabilities,
The master equation for such process, by using birth-death process formalism (van Kampen, 2007) and by taking ) , ( t x ω as a probability to find the system in state x at time t , is given by where ± E are the one-step, increment and decrement, operators,
The above equation also provides an approximate expression for the one-step operator acting on any continuous function, ( ) x f . By putting these approximations into the master equation, the Fokker-Planck equation is obtained,
The stochastic differential equation (abbr. SDE) corresponding to the above FokkerPlanck equation is given by (Gardiner, 2009) In the agent-based herding model case we obtain (Alfarano et al, 2005; Kononovicius et al, 2012) As you can see in Figure 2 , time series obtained from the agent-based and stochastic models have the same probability density functions. This serves as an additional proof that the agent-based and stochastic models are equivalent. Figure 2 . The probability density functions obtained from the macroscopic, stochastic (curves) and the agent-based herding models (dots) in two distinct cases. Black curves and dots were obtained using The interactive programs of the agent-based and stochastic models are available online (see (Kononovicius, 2010) and ).
Bass diffusion model as a special case of the agent-based herding model
The Bass diffusion model is a prominent model in the marketing science, which is used to forecast the adoption rates of the new durable product (Prasad and Mahajan, 2003) . This model assumes, from the empirical point of view, that the potential consumers tend to adopt new product due to the advertising campaigns and interactions with other individuals, imitation. These assumptions were mathematically formalized as an ordinary differential equation:
is a total number of consumers at a given time t , N is a market potential, σ is the efficiency of advertising and h is the imitation coefficient.
The agent-based herding model might be used as an agent-based alternative to the Bass diffusion model. Yet, the agent-based herding model needs to account for the durability of the product, which makes the transition from the consumer to the potential consumer impossible, The macroscopic model for this unidirectional agent-based herding model is identical to the mathematical form of the Bass diffusion model . As we can see in Figure 3 , the agreement between the Bass diffusion model and the unidirectional agent-based herding model is good and improves with the increasing size of the system.
The interactive program of this model is available online . 
The extensive and non-extensive agent-based herding model
In the agent-based models we can assume that agents either interact on the local scale with their immediate neighbors or on the global scale with all of the agents (Purlys et al, 2012) . In the former case the number of interaction links per agent remains the same as the system grows, thus the system is extensive, while in the latter case the number of interaction links per agent increases, thus the system is non-extensive. In these two cases rather different behavior would be observed and rather different distributions would be obtained -Gaussian distribution in the extensive case and heavy tailed power-law distributions in the non-extensive one (Tsallis, 2009) . Stationary probability density function (abbr. PDF) of the SDE is given by (Gardiner, 2009) ( )
where C is a normalization constant, ( ) 
is a fixed point of convergence (in the Bass diffusion model case
). However, in the agent-based modeling there can be no infinite system size. In the limit of large but finite system the extensive agent-based herding model is well approximated by the The probability density function of this stochastic process is similar to Gaussian distribution, where C′ is a normalization constant and A is a first-order coefficient of the Taylor expansion of ( ) ( )
x . As you can see, the width of this stationary PDF is inversely proportional to N , consequently, in the limit of large populations the probability density function converges to the Dirac's delta function.
Leadership in the agent-based herding model
Social herding behavior leads to a collective decision making and raises a question of the importance of leadership in the social systems. In the modern literature this problem is considered both from the experimental (Dyer et al, 2009 ) and theoretical (Schweitzer et al, 2012 ) points of view. The mechanics behind the collective decision making in the agent-based herding model was discussed in the previous sections and should be clear. Yet the formulation of these mechanics implies that one can control the output of the model by including the agents with a preset opinion, the so-called leaders. Apparently, infinitely large social systems can be significantly influenced by a relatively small number of leaders. This is in agreement with the experiments by Dyer et al (2009) , who have noticed that 20 informed people can lead large uninformed crowds. Arguably similar ideas might be already used as the marketing strategies (Kononovicius, 2012; Prasad and Mahajan, 2003) .
The agent-based herding model versus Lotka-Volterra model
Lotka-Volterra model was introduced as a macroscopic predator-prey model (Hoppensteadt, 2006) , yet now it is a prominent model in a wide range of fields. Its applications include macroeconomics (Goodwin, 1967; Tramontana, 2010) , complexity science (Olivera et al, 2011) , opinion dynamics (Ausloos, 2009; Vitanov and Ausloos, 2012) , financial markets (Solomon and Richmond, 2001 ) and others. Its general form is given by (Hoppensteadt, 2006) :
where i a is a birth rate, while c ij describes the interaction between the two species.
The most important difference between agent-based herding model and LotkaVolterra model is that the former uses fixed number of agents, while the latter allows creation and destruction of the agents. The Lotka-Volterra model can be seen as interacting with the thermostat, with which the modeled system exchanges agents. Introducing this feature into the agent-based herding model is a pretty technical task, so we skip the details and present only the macroscopic model:
where is a generalized interaction function between the thermostat and the certain state, given by index i , in the system via creation or destruction of the agents in that state. The effect of this modification is only limited by the form of , yet the most straightforward use would be to introduce diffusion limiting, i.e. disallowing overly large or small x values, into the model. This might be of a certain use in the financial market modeling (Gontis et al, 2008; Gontis et al, 2010) .
Another important difference is that the agent-based herding model assumes that the herding is symmetrical, while it is asymmetrical in the Lotka-Volterra model. The difference arises from the fact that the agent-based herding model assumes that the nature of the agents is similar, while the interactions are considered to be of predator-prey type by the Lotka-Volterra model. Yet the asymmetry can be easily introduced into the agentbased herding model, where c describes the herding asymmetry. The corresponding macroscopic model is given by:
In this case, the original stationary PDF is shifted by the exponential term in the direction of the asymmetry, See Figure 5 for the results obtained from the agent-based model. 
General class of stochastic differential equations and the agent-based herding model for the financial markets
Previously our research group proposed sophisticated double stochastic models for the trading activity and the absolute return in the financial markets (Gontis et al, 2008; Gontis et al, 2010) . These two models are able to reproduce the sophisticated statistical features of the high-frequency financial market data rather well. Despite being different in the details, these two models share the same base. They are both driven by the empirically derived SDE, general form of which is given by Time series obtained by solving this SDE are known to have power law statistical properties -power spectral density (abbr. PSD) and stationary PDF (Ruseckas and Kaulakys, 2011 ), We will derive this SDE from an agent-based model and, consequently, provide a general agent-based background for the financial market fluctuations.
To start, let us use a very common assumption that agents can use either fundamentalist or noise trading, chartist, strategies (Cristelli et al, 2012) . Fundamentalist agents are assumed to possess a certain knowledge about the stock, which is mathematically formalized as a fundamental price, f P . As these agents assume that the price of the stock will converge towards f P (the market price will reflect knowledge), they sell, if
. Consequently, their excess demand is given by ( ) ( ) ( )
Note that we have assumed that the fundamental price is constant, because we are interested in the endogenous dynamics.
The noise traders are assumed to use a wide variety of strategies relying on the past movements of the stock price. As the variety of strategies may be very large, the input of these agents can be related to an average mood, :
where 0 r is a relative impact of the noise trader agent. Now, let us use the Walrasian scenario to obtain the stock price from the excess demand, where we approximate the Walrasian scenario in the limit of an infinite population. Consequently, the return is given by where we have assumed that ( ) ( ) (
]
is a slowly varying absolute return process and represents fast mood fluctuations. Due to the large variety of the noise trading strategies, can be assumed to be a simple noise (Alfarano et al, 2005) . In such case, all of the relevant dynamics are included in the absolute return.
Macroscopic model for y is easily obtained from the SDE for x by using Ito variable substitution (Gardiner, 2009) ,
As the derivation of this SDE does not depend on the actual form of σ i and h , they might be assumed to be functions of either x or y .
Original agent-based herding model assumes that agents interact at a constant rate, while in the actual complex socio-economic systems interaction rates might be variable. In the financial markets this phenomenon is observed as fluctuating trading activity. So, let us assume that the herding behavior and the individual behavior of the noise traders are dependent on the global system state via a custom function (Kononovicius et al, 2012) ,
In the limit of large y and by assuming that , the above equation is reduced to SDE, identical to the previously discussed general class of the SDEs. The relationship between the model parameters is given by and . Note that we can use these relations and theoretical predictions by Ruseckas and Kaulakys (2011) to reproduce PDF and PSD with very different power-laws λ and β (see Figure 6 ). 
Conclusions
We have discussed our approaches to a simple agent-based herding model proposed by Kirman (1993) . Despite its simplicity, this agent-based herding model captures or can be easily modified to capture essential features of the social behavior in many different complex socio-economic systems.
We have reviewed extensive and non-extensive approaches to the agent-based herding model. We have analytically shown that in the extensive, i.e. local interaction case with a finite population Gaussian distribution is obtained. In the non-extensive, i.e. global interaction case, we have shown that power-law distribution emerges.
We have modified the agent-based herding model to show that even small amount of leaders, agents with preset opinion, can influence the behavior of an infinitely large social system. Namely, we have injected agents with a preset opinion and observed that the whole population of the non-leaders, agents with no preset opinion, shifts its mean opinion towards the opinion held by the injected leaders. Apparently, the shift in the mean opinion depends only on the number of the leaders and not on the size of the social system.
We have also shown that the well-known prey-predator model, or Lotka-Volterra model, can be related to the agent-based herding model and used to introduce the interaction with thermostat. This result can be further used to introduce the diffusion limiting in the similar manner as it was done in the previous works related to the financial market modeling (Gontis et al, 2008; Gontis et al, 2010) .
In the future we hope to apply this agent-based herding model to more socioeconomic systems. Also, the new approaches discussed in this work will be considered for the extended treatment. 
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